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signify the average with respect to the energy in the en-
ergy region under consideration. The 
3
(L) statistics
represents the average of the least square deviation of
the staircase function N (E) from the best straight line

















depending on the dynamical property.
III. FORMULATION
We rst consider a quantum point particle of massM
moving freely in a two-dimensional bounded region (bil-
liard) S. Let us denote the area of S by the same symbol.
We impose the Dirichlet boundary condition so that wave
functions vanish on the boundary of S. The eigenvalues

































(S) in terms of the Sobolev

















where ! is the energy variable. The average level density








We now place a single point scatterer at ~x
1
inside the
billiard. The most naive manner for this purpose is to








However, the Hamiltonian H is not mathematically
sound. This can be seen from the eigenvalue equation















Since the level density is proportional to E
(d 2)=2
in spa-
tial dimension d, the innite series in Eq.(8) does not
converge for d  2.
To handle the divergence, a scheme for renormalization
is called for. The most general scheme is given by the self-
adjoint extension theory of functional analysis [8]. We
rst consider in L
2


























(S). Namely, we restrict D(H
0
)











) = 0g: (10)






is symmetric (Hermitian). But it is not




















































































































where  > 0 is a scale mass. With the aid of Krein's






















































































































is a coupling strength of the point scat-
terer, the value of which ranges over the whole real num-
ber as one varies 0  
1
< 2. It follows from Eq.(18)












), the function G is monoton-
ically decreasing, ranging over the whole real number.
This means that the eigenvalue equation (21) has a single
solution !
m


































We proceed to the case of multiple (N  1) point scat-
terers. Let us denote the position of the k-th scatterer
by ~x
k






















(S). Here we set X =
f~x
1






is symmetric (but not

























;!); ~x 2 S  X; (25)





indices (N;N ) and as a result, it has N
2
-parameter fam-
ily of self-adjoint extensions in general;
D(H
U;X





















































denotes an arbitrary N -dimensional unitary




















































Equation (28) indicates that it is suÆcient to dene the
transition matrix for some xed ! since then T (!) for any
! follows from Eq.(28). Also note that Eq.(27) implies
T (!)
y
= T (!): (29)
The general form of T (!) which satises Eqs.(28) and












































; !); (k 6= l);
(31)
and A is any N -dimensional Hermitian matrix. If A is
not diagonal, dierent scatterers ~x
k
are connected by the
boundary conditions. On the other hand, if A is diag-
onal the point scatterers are independent, namely, one
has separated boundary conditions at each ~x
k
. We here
restrict ourselves to the latter which is important from a












One can regard v
k
as the strength of the k-th scatterer.
The eigenvalue of H
U;X




) = 0; (33)
which is reduced to Eq.(21) for N = 1.






Equation (34) indicates that the unitarity of U is equiv-
alent to the fact that T (i) is a normal matrix.
IV. CONDITION FOR STRONG COUPLING
In this section, we discuss the condition for strong cou-
pling under which point scatterers have a substantial ef-
fect on energy spectrum of the empty billiard. For this
3
purpose, we examine the energy-dependence of the inec-
tion points of G in Eq.(20), based on a semi-quantitative
argument suitable for examining the statistical properties
of spectrum.
We rst consider the case of a single scatterer. The



































This implies that a point scatterer distorts the wave func-
tion if the eigenvalue !
m
is located around the midpoint




). For such !
m
, the value of
G can be estimated by the principal integral as follows,
since the contributions on the summation of G from the

















































Here we have dened a continuous function g(!) which
behaves like an interpolation of the inection points of G.
Equation (36) indicates that the wave function mixing












in Eq.(38)) is estimated by considering a




















In order that Eq.(39) has a solution ! ' !
m
, the range






















where we have dened the width  which is nothing


























































































The second equality follows from the approximation that




in the whole energy region. Noticing Eqs.(6)





which is independent of the energy !. We can summarize
the ndings as follows; The eect of a point scatterer of
coupling strength v
1
is substantial mainly in the eigen-


























The condition (44) is generalized to the case of multiple
scatterers. Equation (35), which is the main assumption
in the above argument, is valid even for the perturbed
eigenfunction (22). This allows us to repeat the above
when the number of the point scatterers increases. We
conclude that the k-th point scatterer with strength v
k























; k = 1;    ; N: (45)
It is worthy to emphasize that the strong coupling re-
gion shifts with a logarithmic dependence of energy. This
indicates that the system recovers the integrability in the




















In this section, we set the scale mass  = 1 with-
out losing generality. This makes all physical quanti-
ties dimensionless. We consider a quantum particle with





) = (=3; 3=), and hence S = 1. The av-
erage level density is 
av























































FIG. 1. The dependence of the nearest-neighbor level spac-
ing distribution on the strength of the point scatterers. The
number of the scatterers is N = 5 in all cases. The strength
of all the scatterers is common. The statistics is taken among




. The solid (broken)



























































by arranging the double-indexed eigenvalues and eigen-

























































































































































FIG. 2. The dependence of the spectral rigidity on the
strength of the point scatterers. The other indications are




























































































































FIG. 3. The dependence of the spectral rigidity on the





We put several point scatterers inside the rectangle.







in Table I. The rst N coordinates are used in case of
the number of scatterers being N . It is expected from
Eq.(45) that the k-th scatterer has a substantial eect














This is in fact the case, as seen from Fig.1 where the
nearest-neighbor level spacing distribution P (S) for three
values of the strength of the scatterers is shown. The
5
number of point scatterers is N = 5 in all cases. The
strength of all the scatterers is common. The statis-
tics is taken within one thousand eigenvalues between
!
100
= 110:3579 and !
1100
= 1138:9682. In this energy




' 5  7. The coincidence with the GOE prediction
(solid line) is satisfactory for v
 1
k




the level repulsion becomes weak and P (S) shows inter-








the distribution approach the Poisson distribution (bro-




= 20. A similar tendency can be observed in
the spectral rigidity 
3




under the same condition as in Fig.1. The

3
(L) statistics is close to the GOE prediction (solid
line) in case of v
 1
k




gradual approach to the Poisson statistics (broken line)
is observed. There still remains a considerable dierence
from the GOE prediction even in case of the maximal
coupling. However, it tends to disappear as the number
of scatterers increases. Figure 3 shows the dependence
of the spectral rigidity on the number of the scatterers.
The strength of all the scatterers is v
 1
k
= 7:5, which is
close to the maximal coupling strength. One can observe
the gradual shift to the GOE prediction as the number
of the scatterers increases.
VI. CONCLUSION
We have discussed the condition for the appearance of
wave chaos in the two-dimensional quantum pseudoin-
tegrable billiards with multiple point scatterers inside.
Chaotic spectrum appears if the condition of Eq.(45) is
satised. It is described by a logarithmically energy-
dependent strip with a constant width. The validity
of our prediction is conrmed by numerical experiments
with a rectangular billiard which contains multiple point
obstacles inside. The degree of chaos depends on the
number of the scatterers. We observe the GOE-like spec-
trum for N = 10 scatterers with the maximal coupling
strength.
It should be stressed that, besides a fundamental as-
pect as a dynamical system, the quantum billiard with
point interactions has a close relation to real systems.
The quantum billiard is a natural starting point for ex-
amining the particle motion in microscopic bounded re-
gions. The rapid progress in the microscopic or meso-
scopic technology makes it possible to realize such set-
tings. Real systems are, however, not free from small
impurities which aect the particle motion inside. In
the presence of a small amount of contamination, even a
single-electron problem becomes unmanageable in an an-
alytic manner. The modeling of the impurities with point
interactions makes the problem easy to handle without
changing essential dynamics. We hope that the current
work serves as a guideline of the future research on the
eect of impurities in mesoscopic devices.
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